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It is proved that if a locally compact group G acts simplicially on a tree in such 
a way that the stabilizers of the vertices are amenable, then G is K-amenable. In 
particular, the canonical map from the full C*-algebra onto the reduced C*-algebra 
of G induces isomorphisms in K-theory. The main corollary of our result is that 
SL,(Q& and some other groups over local fields are K-amenable. 
IN-I-R• DUCTION 
Let F,, be the free group on n generators (2 f n < co). In their paper [ 191, 
Pimsner and Voiculescu were able to show that the reduced C*-algebra 
C,*(F,) contains no non-trivial idempotent, and to compute its K-theory: 
&(CXF,)) = H 
K,(C,*(F,,)) = h”. 
The corresponding results for the full C*-algebra C*(F,) were known before 
([4, 7]), and are much easier to prove. Starting from this remark, Cuntz 
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succeeded in giving an easier proof of the results of Pimsner-Voiculescu, by 
showing that for any C*-dynamical system (A, a, F,), the canonical map 
k,:Ax,F,+Ax,,,F, 
induces isomorphisms in K-theory [S]. 
This led Cuntz to introduce the notion of K-amenability. Roughly 
speaking, a locally compact group G is K-amenable if, for any C*-dynamical 
system (A, CI, G), the map 
A,*:Ki(A X,G)+Ki(A X,,,G) (i = 0, 1) 
is an isomorphism. Actually, in [ 81 Cuntz restricts himself to discrete groups 
by lack of non-trivia1 examples of non-discrete K-amenable groups. 
The origin of our work was an attempt to understand Cuntz’ proof of K- 
amenability for F, in a more conceptual manner. The main idea of the 
present paper is that the action of any locally compact group on a tree gives 
rise to a geometrically defined Fredholm module (in the sense of 
Definition 1.1). From that, we deduce K-amenability for groups acting on 
trees, provided the stabilizers of the vertices are amenable. The main 
corollary is that SL,(C$,) is K-amenable, since by [lo] it admits a proper 
action on a tree. We have to mention that Kasparov ] 16 ] also proved at the 
same time that SL,(lR) and SL,(C) are K-amenable. 
Our paper is organized as follows: in Section 1, we give the precise 
definition of K-amenability, we state the main result, and give the 
construction of the Fredholm module associated to the action of a group on 
a tree. In Section 2, we give the proof of the main theorem, and in Section 3 
we extend Cuntz’ arguments to non-discrete groups, in order to show that 
our definition of K-amenability implies the above unprecise definition. 
Section 4 is devoted to examples. 
The results of this paper were announced in [ 13, 141. The authors wish to 
express their debt to Alain Connes for several stimulating comments at every 
stage of their work. 
1. THE MAIN RESULT 
We recall that, in [ 151, Kasparov associates to any locally compact group 
G a commutative unital ring KK,(C, C), which coincides with the represen- 
tation ring R(G) when G is compact. The elements of KK,(C, C) are given 
by Fredholm G-modules: 
1.1. DEFINITION. A Fredholm G-module is a triple (,q,, 6, F) such that 
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4, 4 are Hilbert spaces carrying unitary representations rc,,, rrl of G, and 
F: & + q is a bounded operator satisfying 
(i) 1 - F*F and 1 - FF* are compact operators. 
(ii) Fxo(d - QW is compact for any g E G. 
The ring KK,(C, C) is the quotient of the set of such triples by the 
homotopy equivalence of [ 151, and the multiplication is Kasparov’s cup- 
product (see [ 151); the unit is given by the triple 1, = (C, 0, 0), where C 
carries the trivial representation. 
1.2. DEFINITION. A locally compact group G is K-amenable if 1 G is 
homotopic to a Fredholm G-module (&,&, F) where the representations 
of G on 4 and & are weakly contained in the left regular representation of 
G. 
This corresponds to Cuntz’ condition (e) in [8, Theorem 2.11. Note that if 
G is discrete, we have 
KK,(C, C) = KK(C*(G), C) = K’(C*(G)) 
(the K-homology of C*(G)), so that K-amenability may then be defined by 
condition (a) in [ 8, Theorem 2.11. 
It will be shown in Section 3 that K-amenability is inherited by closed 
subgroups, and preserved under direct products. The main result of this 
paper is: 
1.3. THEOREM. Let G be a locally compact group acting on a tree, such 
that the stabilizer of any vertex is amenable. Then G is K-amenable. 
A tree is a one-dimensional simply connected simplicial complex (in 
Serre’s terminology [20], it would be an oriented tree). By action of G on a 
tree, we mean a simplicial action (so the action preserves the orientation). 
Now, let us construct a Fredholm G-module associated to the action of G on 
a tree; this must be considered as a more conceptual form for the Fredholm 
module appearing in [8] and [5] for G = F,. 
This Fredholm G-module associated to the tree must be considered as a 
discrete analogue of the construction of the Bott element in the K-theory of 
R”, or of the similar construction for negatively curved spaces ([24, 15]), 
which are given by Clifford multiplication by a tangent vector field pointing 
to some chosen origin. 
Let d’(resp. d’) be the set of vertices (resp. edges) of the tree. The 
group G acts on do and d’. If X, y are vertices, there exists a unique path 
from x to y; we denote by [x, y] the set of vertices lying on this path. Let us 
choose some origin x0 on do. For any x E d’\{x,}, we denote by p(x) the 
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unique edge containing x and lying on the path between x, and x. One may 
view B(x) as the unit tangent vector pointing from x to the origin x0. In this 
way we define a map /?: d”\{xo} -+ A’. 
1.4. LEMMA. (i) /3 is a bijection. 
(ii) Fix g in G. The set ofx’s in A0 such that g/.l(g ‘x) f/?(x) isfinite. 
equal to [xo,gxo]. 
Proof: (i) is clear: if u E A’, then p-‘(u) is the vertex of u which is most 
remote from x0. To prove (ii), notice that g,8( g- ‘x) is the edge containing x 
and lying on [ gx,, x) 
x 
B(x) &(&d 
A x 0 @o 
But triangles in a tree are “flat” 
so that p(x) = g/3( gP ix) except if x belongs to [x0, gx,]. 
Define now an operator P: I’@‘) + &‘(A’) by Pc~,~~= 0 and P6, = SBtI) if 
x # x0. We denote by no (resp. z,) the natural unitary representation of G on 
(‘(A’) (resp. (‘(A’)). The following result is a re-statement of Lemma 1.4. 
IS a co-isometry of index one; more precisely: pp;“. ~~~~;*“,“” 1 cJlpp . 
xO, where p,, is the projection of &‘(A’) onto @6,o. 
(ii) For any g E G, the operator 7~,( g) P - Pn,( g) has finite rank. In 
particular, the triple (!*(A’), !*(A’), P) defines a Fredholm G-module y. 
The main technical result of this paper is 
1.6. PROPOSITION. y = 1, in KK,(@, C). 
This will be proved in Section 2 by an explicit homotopy. It is clear that 
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Proposition 1.6 implies Theorem 1.3: if the stabilizers of the vertices (hence 
also of the edges) are amenable subgroups of G, then the representations rcO 
and z, are weakly contained in the left regular representation. 
2. PROOF OF y= 1, 
In this section, we prove Proposition 1.6 by constructing an explicit 
homotopy between 1, - y and 0 in KK,(C, C). 
2.1. DEFINITION. Let Y be a set; a function rp on Y x Y is a kernel of 
negative type on Y if, for any n-tuple (y, ,..., y,) of elements of Y, and any n- 
tuple (A, ,..., A,) of complex numbers such that Cy=, & = 0, we have 
~ ii~jyl(Yi,Yj) ~ 0. 
i,j= 1 
If G is a group, a function v, on G is of negative type if the kernel (g, h) + 
q( g-‘h) is of negative type on G x G. 
For more information about these notions, see [ 1, 2, Ill. The following 
result can be found in [2, 111. 
2.2. THEOREM. Fix 1 in R ‘. Let a, be a kernel of negative type on Y. 
Assume that v, is real-valued, symmetric and vanishes on the diagonal. Then, 
for any 2 > 0, the kernel edaw is of positive type. 
In particular, by GNS construction, there exist a Hilbert space HA and a 
map Y -+ H,,: y -+ <; such that HA is topologically spanned by the <C’s, and 
<p, p> = e-lm(YJ) (Y, z E 0 
If moreover a locally compact group G acts on Y, and if q is G-invariant, 
there exists a unitary representation pn of G on H,, such that 
PA( g> r;= e;y (YE Y,gE G). 
Now, let X be a tree; we denote by d(.,.) the natural distance function on A’. 
An edge will be denoted (x, y), where x is its origin, y its extremity. We 
define for any edge (x, y): 
E(X, y) = 1 if 4x, x0> > 4x x0> 0 P(x) = (x3 Y> 
E(X, Y) = -1 if W, x0) < 4x x0> *P(Y) = (x3 Y>. 
The crucial lemma of this section will be the following one: 
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2.3. LEMMA. The kernel (x, y) -+ d(x, y) is of negative type on A”. 
Proof: We have to prove that the scalar product 
M 81 = ; ZAO f(x) g(y) 4x3 Yl 
is positive definite on the space E of functions on AD having finite support 
and total mass zero. This will be done by exhibiting an orthonormal basis of 
E. We claim that the set 
is such an orthonormal basis. Clearly this set is a basis for E. The claim 
follows then from the facts that, for any x, y in A’, we have 
16, - 6,, a, - 6,. 1 = 24x, y) 
and, if (x, y), (x’, y’) are two distinct edges, we have one of the following 
three situations 
But in any case IS, - 6,, 6,, - 6,,] = 0. This concludes the proof. 
Obviously, the kernel d(.,.) satisfies the other assumptions of 2.2. 
Moreover, if a locally compact group G acts on X, then clearly d is G- 
invariant. 
Remarks. (1) The preceding lemma is due to Watatani [21]; but we think 
that our proof is actually easier. Watatani’s proof is inspired by Haagerup’s 
proof in [ 121 of the fact that, on the free group F, on n generators, the length 
of the words is a function of negative type. Their idea is to find a map a 
from do into some Hilbert space, such that for any x.y E A’: 
(a(x), a(y) > E F’ 
II a(x)- ~(Y>II~ = 0, Y> (X,Y -‘I. 
With this point of view, we would use 
a(x) = 2 -“*(c& - S,J 
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taking values in the completion R of E. Haagerup and Watatani use 
a’(x)= 2 0, z> 4Y.Z) 
edge(y.z) = Ix,+1 
taking values in ~2(d1); this makes the computations longer. Note, however, 
that the map 
v: 2 - 1’2(dx - 6,) -+ &) ((XYY) E A’) 
extends to a unitary operator V:Z-+ e2(A ‘) such that for any x E do: 
v-a(x) = a’(x). 
Note that if a group G acts on X, this map V is also G-equivariant. 
(2) Let G be a locally compact group having property (7’) (i.e., such 
that the trivial representation is isolated in the full dual of G); let G act on 
the tree X. Then, by 2.3, the function g--t d( gx,, x0) is of negative type on G. 
But by Delorme [22,23] ( see also [ 1]), any function of negative type on a 
group having property (7) is bounded. So G has at least one bounded orbit 
in do, hence by an elementary lemma in [20,1.2.2], G has a fixed point in 
do. This shows that G has property (FA) of Serre [20]; in particular G is not 
a non-trivial amalgamated product. This was first proved by Watatani [21]. 
From now on, we assume that the locally compact group G acts on the 
tree X. We are going to perform a homotopy between 1, - y and 0 in 
KK,(C, C). Note that the element 1, - y is described by the triple 
(C @ [*(A ‘), e2(Ao), P”*), where F: &‘(A’) -+ C Cij e’(d’) is a unitary operator 
defined by 
Fs, = (0, Pa,) 6 E AO\PoJ) 
Bx, = (LO). 
For any A > 0, we denote by HA the Hilbert space associated to A0 and d by 
the remark following 2.2, x -+ rt the embedding of A0 into H,, and pA the 
representation of G on H,,. We are going to put a structure of continuous 
field of Hilbert spaces (in the sense of [lo, 10.1.21) on the family 
w*)AElO.co~ in which the maps A--t <$(x E A’) appear as basic sections. It 
turns out, however, that this field can be extended at A = 0 and A= co to 
yield a continuous field over [0, co]. This field will play a fundamental role 
in the construction of our homotopy in KK,(C, C). 
Inspection of the relation 
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for ;1 tending to 03, leads us to take 
H, = t*(A’) 
(with the representation pea = rro of G) and to define 
r,” = 6, (x E A’). 
For A = 0, the same reasoning would lead to Ho = C. But this does not 
depend anymore on x and y. To recover something still having such a depen- 
dance, we consider the first order approximation of c’~(~*“‘: 
e-Ad(x.y) = 1 - M(x, y) + o(n). 
This suggests to take a Ho of the form G @.F, where ,P is a Hilbert space 
in which the scalar product is defined using -d(x,y). Such an ,P was 
already met in Remark 1; it also follows from Remark 1 that this Y is 
isometric to C*(A’); so we take 
H,=C@t*(A’) 
with the representation p. = 1, @ 7~~ of G. Another reason to make this 
choice is that Ho is precisely one of the spaces appearing in the description 
of 1, - y. But such a choice for Ho forces us to add new sections which, at 
0, will converge to vectors in C’(A’). These will be the ~:~,~,‘s (with 
(x, y) E A’), defined by 
Of course, we also define 
e=(Lo) (for any x E A’). 
Clearly II t: II = II v&,.~~ II = 1 f or any 1. To summarize, we take as continuous 
sections the linear combinations of the E$s and the v$~,~)‘s. 
2.4. LEMMA. With the above set of sections, the family (HA)lE,o,m, is a 
G-continuous field of Hilbert spaces. 
Proof. Let Z, J be two finite sets of indices, fix ,ui, vj E C (where i E I, 
j E J). We have to prove that the function 
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is continuous on [0, co 1. But for 0 < L < co : 
+ ~(2 _ 2e-.l-f/2 Rex &vj(e-Ad(xivXj) _ e-.ad(xiqYj') 
id 
whence the continuity on JO, co [. Now, we have 
- d(Yjl 3 xj,> + (Yj, 3 Yj,>>. 
It follows from the proof of 2.3 that this is equal to 
Sof(ll) is continuous at 1= 0. The continuity at 2 = cc follows easily from 
lim,_, e -Id(x,y) = ,sj . 
At this point, we%ave shown that the linear subspace generated by the 
ci’s and the r,$,,,,’ s is a total space of sections, in the sense of [ 10, 10.2.11. 
Moreover, for g E G, the formulae 
show that G transforms the continuous sections into themselves. Finally, G 
acts strongly continuously, i.e., for any section t, we have 
lim SUP Ibn(g) t(A) - <@It = 0. 
g-e Ac[O,m] 
Clearly it is enough to do it for a section of the form < = &!. 
The result is clear then, since the stabilizer of x in G is an open subgroup. 
This concludes the proof. 
It is well-known that any continuous field of Hilbert spaces with infinite- 
dimensional fibers on [0, co] is trivial. However, we will need a special 
trivialization between our field (HJ~E,o,ool and the trivial field with fiber 
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P2(do), given by a family (UA)A~,o,acl of unitaries which almost commutes 
with the action of G. Define 
u,=p* 
and, for 1 E 10, CI; [ and x E do: 
Finally, U, will be an involutive diagonal operator on i*(d”) defined by 
2.5. LEMMA. Fix ,I E 10, co I. Then U, extends linearly and continuously 
to a unitary operator from H, onto i*(A’). 
Proof. Let us first prove that U, is an isometry; so fix x. x’ in A”. and 
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We have used summation of a geometric series, plus the fact that 
d(Y, x) + d( y, x’) = d(x, x’) + 2d( y, z). 
It remains to show that the range of U, in I? is dense. So let q be an 
element of e2(Ao) orthogonal to the range of U,. Then clearly (q, BXg) = 
(3, U,(~$,)) = 0. By induction, assume we have proved that (q, 8,) = 0 for 
any x in do such that d(x, x,,) < IZ. Let then y be an element in do with 
d(y, x0) = n + 1. Then by induction hypothesis 
so q vanishes identically. 
2.6. LEMMA. Thefamily KAEro, wl defines a unitary isomorphism from 
thePd PA)~ero,ml onto the constantfield t’*(A’) on [0, co]. 
Proof: We begin by verifying that the family (UA)AE,,,,ml maps 
continuous sections to continuous sections. This follows from the continuity 
of L + V,(& on 30, co [, and from 
f;‘y U,(q$J = f;ly 
-t + [ 
(2 - 2e-A)-1’2 (e-Ad(xo,x) - e-*d(xo*y)) fJxO 
+ (1 - e-2A)1/2 (2 - 2e-A)-1/2 
X 
i ( 
,.g xl 4W) e-Ad(z% 
- zez yI d/W) e-Ad(r3y)K j ] 
1 
4 if (x, u) = P(x) = 
JY if (x9 Y) = P(Y) 
= p”*&,y, (any case) 
= ~ot~~x,Y,)~ 
From this, it is easily deduced that any continuous section of the field (*(A’) 
is locally approximable (in the sense of [ 10, 10.1.21) by sections of the form 
I --t u,(W)>, where t is a continuous section of (Hn)AEto,ool It turns out that 
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the family of unitaries (UA)AE,o,ml almost commutes with the action of G. 
More precisely: 
2.7. LEMMA. The family (HA,e2(A0), UA).IE,O.z, defines a Kasparoc 
element in KK,(G, C[O, co I). 
ProojI Fix g E G. Let E, be the finite-dimensional subspace of [‘(do) 
spanned by the dX’s, where x E [x,, gx,]. We first claim that, for any 
13. E [0, 00 1, the range of V,p,( g) - q,(g) U,% is contained in E,. For A = 0 
or d = 00, this follows from Lemma 1.4; so we assume A E 10, co]. Then, for 
x E A’. we have 
+ (1 - e-23’i2 x e--W.xx)E@(y)) 6, 
?~l.r,,n.xl 
and 
+ (1 - e-2,1)L/2 e -Ad(p3x’s(/I( y)) J,, 
YEb,,Jl 
=e -Ad(x,,x) ij RX o 
+ (1 - ep2A)1/2 x e- ad'Y.RX)E(P(g-'y)) J,.. 
Yelw,.nxl 
If z denotes the intersection of [x0, gx,], [x,,, gx] and [gx,, gx] : 
(*) (U,%p,( g) - x0(g) U,)(rt) = e-Ad(xo,gx)d -TlI - e-.‘d(xo~x)fiKx,, 
+ (1 -,-2.y 
.i - 
\‘ e -ld(pggx)&(p( y)) 6, 
YelX,*Zl 
- \’ e 
YElz;lO.ll 
-.W.w)cqjyg- ly>) 6) 
by Lemma 1.4 and the definition of E. This proves the claim. We now prove 
that the family (V,p,(g) - n,,(g) Un)nEro,ml defines a compact operator in 
the sense of C*-modules over C[O, oz]. Using 2.6, this boils down to proving 
that A --) FA( g) = U,p,( g) U,* q,( g-‘) - 1 is norm continuous. But since 
F,(g)* = no(g) UAP,W’) u,* - 1 = ~o(g)F*(g-‘) Ro(g-‘) 
we see that the range of FA( g)* is also contained in E,. So, in the decom- 
position t2(Ao) = E, 0 E:, the matrix of FA( g) has the form (c i); thus the 
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norm continuity of F,(g) is equivalent o the strong continuity of F,(g), and 
this one is clear. It remains to prove that, for any g in G, we have 
;;“f AgP@ II ~*P,(ggo) - no(ggo) VA- UAP,l(d f ~o(tT> UAll = 0. -t 
To this end, let us consider the subgroup 
Go= {g,EG:g,y=yforyE [g-‘x0,x,]/. 
Then, for g, E G,, formula (x) shows that, for every A: 
~.s,(ggo) - ~o(ixo) VA = u,PA(g) - no(g) u/l* 
The fact that G, is an open subgroup allows us to conclude. 
With this lemma in hand, Proposition 1.6 is almost proved. 
Proof of Proposition 1.6. We have to show that 1, - y = 0 in 
KK,(C, C). But 2.7 gives us an homotopy between 1, - y and the Fredholm 
G-module (e’@‘), e*(d’), U,), which is trivially homotopic to the 
degenerate Fredholm G-module (&*(d’), &*(d’), 1). Since any degenerate 
Fredholm G-module is homotopic to zero, the result is proved. 
Remark. Assume that G is a non-amenable group acting on a tree, with 
amenable stabilizers of the vertices. Then the representation p. of G is not 
weakly contained in the left regular representation A, of G, while p, is. It is 
easy to see that there exists I, > 0 such that pn is not weakly contained in & 
for A < A,, and is weakly contained in 1, for A > Ao. This A0 can be 
estimated using the method of [ 12, 3.21: if the orders of the vertices are less 
or equal to N, and if the stabilizers of the vertices are compact, then 
A, < +log(N - 1). 
For example, for G = F,, acting on the usual tree, one finds A, = jlog(2n - 1) 
(see [ 121). 
3. K-AMENABILITY 
In this section, we extend to arbitrary locally compact groups the theory 
developed by Cuntz [8] for discrete groups. This turns out to be necessary, 
since there are now non-trivial examples of non-discrete K-amenable groups 
(given by Kasparov [ 161 in the real Lie group case, and in the next section 
in the p-adic case). However, since the theory given below is a rather 
straightforward generalization of Cuntz’ results (and it might be known to 
several people), we feel allowed to be somewhat sketchy in the proofs. 
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If G is a K-amenable group, then by definition there exists a Fredholm G- 
module (Xi-, Z-, F) which is homotopic to 1, and such that the represen- 
tation of G on A?* is weakly contained in the left regular representation of 
G. We will say that such a Fredholm G-module realizes K-amenability for G. 
We first record some results about hereditary properties of K-amenability 
(compare with 18, Theorem 2.4.1) 
3.1. PROPOSITION. Let G be a K-amenable locally compact group. Then 
any closed subgroup H is K-amenable. 
Proof. Let (Z”, X-, F) be a Fredholm G-module which realizes Km 
amenability for G. Then the element Rest: (Z’, .%+, F) obtained by 
restricting the actions from G to H is a Fredholm H-module which realizes 
K-amenability for H. 
3.2. PROPOSITION. Let G,, G, be locally compact groups. The following 
properties are equivalent: 
(i) G, x G, is K-amenable. 
(ii) G, and G, are K-amenable. 
ProojI (i) * (ii) Follows from 3.1. 
(ii) * (i) For i = 1, 2, let xi = (A?: , ,A?;, Fi) be a Fredholm G,-module 
which realizes K-amenability for Gi. Form the external Kasparov product 
x, El x*: this is a Fredholm G, x G,-module, and since the underlying 
Hilbert spaces are 
the associated representations of G, x G, are weakly contained in the left 
regular representation of G, x G,. So x, q x2 realizes K-amenability for 
G, x G,. 
3.3. PROPOSITION. Let H be an amenable closed normal subgroup of the 
locally compact group G. If G/H is K-amenable, then G is K-amenable. 
ProoJ Let (P+ , ,P-, F) be a Fredholm G/H-module which realizes K- 
amenability for G/H; clearly we may view it as a Fredholm G-module. We 
claim that this Fredholm G-module realizes K-amenability for G. Indeed, the 
representation of G on ;z”+, Z’- are weakly contained in the quasi-regular 
representation of G on G/H. But this is nothing but Indg l,, the represen- 
tation induced from the trivial representation of H. Since H is amenable, 
Indz 1, is weakly contained in the left regular representation of G. We 
conclude by transitivity of weak containment. 
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Remarks. (1) We will see below that a non-compact group having 
property (r) cannot be K-amenable (a remark made long time ago by 
Connes, actually). Since free groups are K-amenable, and since any infinite 
group having property (T) is a quotient of some free group, we see that K- 
amenability is not preserved under quotients. 
(2) Does 3.3 remain true when H is only assumed to be K-amenable? 
One of the main features of K-amenability is that, if G is K-amenable, then 
for any C*-dynamical system (A, a, G), the canonical quotient map 
l,:A x, G+A x,,,G 
induces isomorphisms in K-theory and K-homology (Here A X, G and 
A x,,, G denote, as in [ 181, the full and reduced crossed products of A by 
G). More precisely: 
3.4. PROPOSITION. If G is K-amenable, then the element 
AA* E KK(A x, G, A x,,, G) 
is invertible. 
For discrete G, the converse is also true, as shown by Cuntz [8, 
Theorem 2.11. However, the converse probably does not hold in general 
(although we have no counter-example). The proof of 3.4 will require some 
preparation. 
First of all, we fix a locally compact group G and a C*-dynamical system 
(A, a, G). We will denote by M(A) the multiplier algebra of A, and by O,,, 
(resp. 0) the maximal (resp. spatial) tensor products of C*-algebras. 
We denote by (1, a) the action of G x G on A which is trivial on the first 
factor, and equal to a on the second one. Then 
A xu,cd (G x G) = C*(G) O,,, (A x, G). 
We denote by (g, h) + z+~,~) the universal representation of G X G into 
M(C*(G)@,,, (A X, G)). The canonical inclusion of A in 
M(C*(G) @,,, (A X, G)) is such that 
so that we get a +-homomorphism 
d: A x, G -+ M(C*(G) O,,, (A x, G)) 
and by composition with the canonical map 
C*(G) 0 max (A x, G) -, C*(G) 0 (A X, G) 
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another *-homomorphism 
A: A x, G-+ M(C*(G) @ (A x, G)). 
3.5. LEMMA. (i) There exists a *-homomorphism 
A,:A x,,,G-,M(C,*(G)@ (A x, G)) 
such that the diagram 





‘4 x,,, G 3 M(C,*(G) 0 (A X, G)) 
commutes. 
(ii) There exists a *-homomorphism 
A,: A x,., G -+ WC*(G) 0 (A x,,, G)) 
such that the diagram 





A &,r G 2 M(C*(G) 0 (A x,., G)) 
commutes. 
Proof. The idea of the proof is that tensoring with the left regular 
representation AC of G “absorbs” any unitary representation of G. 
(i) Let (u, n, 3) be the universal representation of (A, a, G) (see [ 18, 
7.6.5)). Then A and A X, G are faithfully represented on P, and C:(G) @ 
(A x,G) is faithfully represented on L*(G)@R. Now, by [18, 7,731, the 
covariant representation (1 @ U, 10 ?r) of (A, (r, G) extends to a faithful 
representation of A x,,, G, the range of which is contained in M(CT(G) @ 
(A X, G)). This gives A,. 
(ii) Let (a,Z’) be the universal representation of G. Then C*(G) @ 
(A X,,, G) is faithfully represented on Z’ @L’(G) @ 2, and the covariant 
representation (1 @ 1 @ u, u @ A @ n) of (A, a, G) extends to a faithful 
representation of A x,,, G. The image of A x,,, G is now contained in 
M(C*(G) @ (A x,,, G)) and this gives the desired A,. The diagrams 
commute by construction. 
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Proof of Proposition 3.4. Let x = (R+, S-, F) be a Fredholm G- 
module which realizes K-amenability for G. We recall, from Kasparov’s 
theory [ 151, that there exists a unital ring homomorphism 
@‘A : K&&c) -+ KK(A X, G, A x, G) 
called the induction to the crossed product; so we have QjA(x) = 1, X,c (the 
unit of KK(A X, G, A X, G)). It follows from [ 151 that the element QA (x) is 
described by the triple (Z’ @ (A X, G), R- @ (A X, G), F @ l), so that 
the C*-modules over A X, G are simply obtained by extending scalars to 
A X, G. The C*-algebra A acts on the left on R* 0 (A X, G) simply by 
letting elements of A act on the second factor as multipliers of A X, G. Now, 
G acts on Z’* @ (A X, G) via a diagonal action 
where g+ U, denotes the universal representation of G in M(A X, G). In this 
way, we get a covariant left action of (A, (x, G), which extends to a left action 
ofA x,G. 
We first claim that this action factorizes through A x,,, G. To see this, 
note that the covariant action of (A, a, G) comes from a covariant action of 
(A, (1, a), G x G). So we have a left action of C*(G) @ (A X, G) on 
R* @ (A X, G) which, by assumption, factorizes through C,*(G) @ 
(A X, G). Now an application of Lemma 3.5(i) proves the claim. 
This shows that the element QA(x) of KK(A X, G, A X, G) actually comes 
from an element wA of KK(A x,,, G, A X, G), i.e., 1, X,G = QA(x) = nT(w,) 
=IZ-At@Ax,,,G OA’ It remains to show that we also have 
OA @Ax,G’A* = ‘AX,,F’ 
The element wA @ A X,G AA* is described by the triple (R’ 0 (A X,,, G), 
R- @ (A x,,, G), F @ 1). Again, we have a left action of C*(G) @ (A X, G) 
on R* @ (A x,,, G), which clearly factorizes through C*(G) 0 (A X,,, G). 
Now, let 
be a homotopy in KK,(C, C)(i.e., a continuous field of Fredholm G- 
modules) between x = x,, and 1, = xi. For each t, we have a left action of 
C*(G) 0 (A x,,, G) on xf 0 (A x,,, G). This and Lemma 3S(ii) show 
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that the left action of A X, G on RF @ (A x,,, G) factorizes through 
A x,,, G. So, we see that the family 
realizes an homotopy in KK(A x,,, G, A x,,, G) between wA 0, X,(; A4. and 
1 A x, +. This concludes the proof. 
From Proposition 3.4, we immediately deduce 
3.6. COROLLARY. If G is K-amenable, then for any C*-dynamical system 
(A, a, G), the maps 
A;: K,(A x, G) + K,(A X,,, G> (i = 0, 1) 
A,*: K’(A x a,,. G) -+ K’(A x, G) (i = 0, 1) 
are isomorphisms. 
The next result is known to several people: 
3.1. COROLLARY. Let G be a non-compact group having property (T). 
Then G is not K-amenable. 
ProoJ: By property (7’), we have a direct sum decomposition 
C*(G) = Ker 1, @ G 
so that the class in K,(C*(G)) of the minimal projection p = (0, 1) generates 
a copy of L. Since G is not amenable, p belongs to the kernel of the 
canonical map A: C*(G) -+ C:(G)). So A,: K,(C*(G) + K,(C,*(G)) is not 
one-to-one, and by 3.6, G is not K-amenable. 
Remarks. (1) It is known that property (7) is almost a general rule for 
semi-simple Lie groups with finite centre. More precisely, it follows from 
works of Kazhdan and Kostant (see [9, 171) that, for an almost simple Lie 
group with finite centre, property (0 is equivalent to being locally 
isomorphic neither to SO(n, 1) nor to SU(n, 1). 
(2) For any connected Lie group G, Kasparov has constructed in [ 15 ] 
a distinguished idempotent yG # 0 in KK,(C, C); he has shown that yc = 1, 
if G is amenable. On the other hand, if yF = I,, then G is K-amenable and 
KK,(C, C) coincides with the representation ring R(K) of a maximal 
compact subgroup K; this is the case e.g. for the Lorentz groups SO(n, 1) 
(Kasparov [ 161); it is conjectured to be the case also for SU(n, 1). As a 
consequence, we see that, if G has property (T), there is a non-trivial idem- 
potent in KK,(C, C); the precise algebraic structure of KK,(@, c) is not 
known in this case. 
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4. COROLLARIES OF THE MAIN RESULT 
(1) Discrete Groups 
Discrete group actions on trees appear naturally in many circumstances: 
see, e.g., Serre’s book [20]. The main examples are free groups, amalgamated 
products and HNN extensions. Hence the following corollaries of our main 
result: 
4.1. COROLLARY. Let F,,(l < n ( 00) be the free group on II generators. 
F,, is K-amenable. 
This was first proved by Cuntz [8]. 
4.2. COROLLARY. Let A, G,, G, be discrete amenable groups, and let 
A + G,, A + G, be one-to-one homomorphisms. The amalgamated product 
G, *A G, is K-amenable. 
In fact, Cuntz proves in [8] that the free product of two discrete K- 
amenable groups is K-amenable. Up to now, there is no similar statement for 
amalgamated products. 
4.3. COROLLARY. Let H be a discrete amenable group, A a subgroup of 
H and 8: A + H a one-to-one homomorphism. The group G obtained by HNN 
extension from (H, A, 0) is K-amenable. 
Notice that Corollary 4.2 shows that PSL,(Z) = Z/2 * Z/3 and 
SL*(Z) = 214 *z/2 Z/6 are K-amenable (compare with [8, p. 1901). In fact: 
4.4. COROLLARY. Let G be a finitely generated, non co-compact, discrete 
subgroup of SL,(R) or PSL,(R). Then G is K-amenable. 
Proof: G has a geodesically convex fundamental domain D in the 
Poincarl disk U, we denote by B the closure of D in the euclidean plane. By 
assumption, fin S’ has finitely many connected components X,,, X, ,..., X,. 
Consider the union of the edges of the hyperbolic tiling of U associated to G; 
this is a simplicial complex of dimension 1, in general not connected. We 
make it connected by filling all Xi’s but one; i.e., we add geodesic segments 
in D filling X, ,..., X,. We extend this construction outside of D simply via 
the action of G. It is fairly easy to see that in this way we get a connected 
simply connected simplicial complex of dimension 1, i.e., a tree. G acts on it, 
with finite stabilizers. Q.E.D. 
Note that this proof does not work for general fuchsian groups (e.g; for a 
co-compact G). But these are known to be K-amenable by Kasparov’s result 
[ 161. However, it would be nice to have a direct proof of K-amenability for 
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such a G, using only the geometry of the hyperbolic tiling associated to G 
(not the representation theory of Z,(R)). 
(2) Groups over Local Fields 
The most striking corollary of our result concerns p-adic groups. 
4.5. COROLLARY. Let QP be the j?eld of p-adic numbers. The group 
SL,(Q,) is K-amenable. 
Indeed, in 1201 one can lind the construction of an action of SL,(Q,) on 
an homogeneous tree of order p + 1. The stabilizers of the vertices are the 
maximal compact subgroups of SL,(Q,,). So our theorem applies. 
As a matter of fact, this tree is a particular case of BruhattTits building 
[ 31: let us consider a local field F with finite residual field (so that F is 
locally compact). Let G be an algebraic semi-simple group defined over F. 
Then G acts on a locally finite contractible simplicial complex, the 
dimension of which is the split rank of G over F. These so-called Bruhat-Tits 
buildings are the analogue of the symmetric spaces G/K for G a semi-simple 
Lie group (K being a maximal compact subgroup of G). They share with 
these spaces many properties such as uniqueness of geodesics, “negative 
curvature” inequalities, and existence of fixed points for compact group 
actions. In particular, the stabilizers of vertices in the building of a group G 
are exactly the maximal compact subgroups of G. If the split rank of G is 
one (this is the case of SL,(F)), the building is a tree. Hence the corollary: 
4.6. COROLLARY. Let F be a local field with finite residual field, and let 
G be the group of F-rational points of a semi-simple algebraic group, with 
split rank one over F. Then G is K-amenable. 
If an algebraic group G has split rank >2, then G has property (T) (see 
[Y ]), hence G is not K-amenable. In the split rank one case, the fact that G 
does not have property (T) follows by combining Lemma 2.3 with the results 
of [ l] (then the distance to the origin on the building of G is an unbounded 
negative definite function). This must be compared to the case of real Lie 
groups: there exist semi-simple Lie groups with real rank one which do have 
property (T) (e.g., Sp(n, 1) and F+,,, , see ( 171). 
Remark. Let G be a discrete group acting on a tree. In this case, the 
group KK,(C, C) is canonically isomorphic to the K-homology group 
KK(C*(G), C). The element y of Section 1 is then a 1-summable Fredholm 
module in the sense of [ 51 (taking for example C [G] as a dense subalgebra 
of C*(G)). The Chern character of this module (see IS]) is a trace on 
C*(G), given by its values on g E G by the formula 
s(g) = Trace k,(g) - f’*n,(g) f’> 
580/5X/2 x 
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(with the notations of Section 1). The computation is easy and gives 
r(g)= ; 
1 
if g has fixed points in do 
if g has no fixed points in A0 * 
For G = F,, this computation was done in [5] and z gives the canonical 
trace on C,*(F,). This was used to prove that CT(F,) has no non-trivial 
idempotent (because r is integer-valued on projectors). 
If G is not discrete, then y is no longer a K-homology element, but the 
formula for z still has a meaning, and the computation is the same: if 
G = SL,(QJ f or example, z is the characteristic function of the elliptic 
elements: this is a measurable central function on G. It was shown to us by 
Alain Connes that this can be interpreted as an element of bivariant cyclic 
homology [6], and that using our result, it is possible to give a simple proof 
of the Selberg principle for p-adic groups (in the split rank one case). 
Note ndded in proof: (1) A slightly different proof of Watatani’s result in [21] (see 
Remark (2) in our Section 2) was given by R. C. Alperin, Locally compact groups acting on 
trees and property (7’), Monatsh. Math. 93 (1982), 261-265. 
(2) Inadvertently, we forgot to mention that the proof of Corollary 4.4 is due to Jean- 
Benoit Bost. 
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